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On some Gaussian ensembles of Hermitian matrices
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CEN-Saclay, F-91191, Gif-sur-Yvette, Cedex France

Received 14 January 1983

Abstract. A Gaussian ensemble of Hermitian matrices with an arbitrary ratio of their
symmetric and anti-symmetric parts is studied. Similarly a Gaussian ensemble of Hermitian
quaternion matrices with an arbitrary ratio of their self-dual and anti-self-dual parts is
studied. Analytical expressions for the correlation and cluster functions, as well as their
limits when the order of the matrices is large, are derived for both ensembles.

1. Introduction

The problem of the distribution of eigenvalues of random matrices arose in connection
with the distribution of slow neutron resonance levels in nuclear spectra (Porter 1965,
Wigner 1967, Mehta 1967, Brody er al 1981). The types of matrix ensembles to be
considered depend on whether or not nuclear forces are invariant under time reversal.
Three particular ensembles have been extensively studied.

(i) The ensemble of real symmetric matrices, known as the Gaussian orthogonal
ensemble (GOE).

(ii) The ensemble of Hermitian matrices with equally probable real and imaginary
parts (for quaternion matrices, equally probable quaternion real and quaternion
imaginary parts) known as the Gaussian unitary ensemble (GUE).

(iii) The ensemble of self-dual quaternion matrices known as the Gaussian sym-
plectic ensemble (GSE).

These three ensembles are basic models for energy level fluctuations of complex
systems. For time-reversal-invariant systems, GOE or GSE is appropriate, depending
on the properties of the Hamiltonian (Dyson 1962a, Mehta 1967 ch 2). On the other
hand in the absence of time-reversal symmetry, the GUE is valid. For nuclear spectra
GOE appears to be a good model (see Haq et a/ (1982) for a recent comparison of
theory and experiment).

Ensembles with an arbitrary ratio of time-reversal invariant and non-invariant
parts have been of renewed interest in the past few years (Pandey 1981, French et a/
1983, Pandey and Mehta 1983). The motivation underlying these studies is the
suggestion, due to Wigner (1967), that the analysis of data in comparison with such
ensembles may give an upper bound on the time-reversal breaking part of the nuclear
forces. These studies reveal that the transition in the fluctuation properties, for the
ensembles going from GOE to GUE, adequate for the above purpose, is very rapid
and, in fact, discontinuous for infinite-order matrices. Available results (Pandey 1981,
French et al 1983) indicate that, for infinite-order matrices, the GUE results are valid
even for ensembles in which the imaginary part is larger in magnitude than the real
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part (see Mehta and Rosenzweig (1968), for the extreme case of purely imaginary
matrices). Similar results were expected for ensembles going from GSE to GUE and
beyond.

In an earlier paper (Pandey and Mehta 1983) we considered in detail ensembles
intermediate between GOE and GUE. In particular, we derived all correlation and
cluster properties of the eigenvalues for finite- as well as infinite-order matrices. A
similar analysis works for ensembles intermediate between GSE and GUE. In both
cases, with minor changes, the results apply equally well for ensembles beyond GUE,
including the extreme cases of anti-symmetric and anti-self-dual matrices. Though
not relevant for immediate physical applications, these results are obtained with little
extra effort and it is worthwhile reporting them for their mathematical elegance.

In § 2 we describe the ensembles and give a summary of the results. Later sections
deal with the proofs; in § 3 we derive the joint probability density for the eigenvalues
and in §4 the correlation and cluster functions for finite- as well as infinite-order
matrices. Several appendices follow; appendix 1 contains recurrence relations and
integrals which are frequently used in this article; in appendices 2 and 3 the normalisa-
tion integrals for the joint probability density of the eigenvalues is derived and the
last two appendices contain the verification of some equations of § 4.

2. Summary of results

2.1. Matrix ensembles from GOE to GUE and beyond

Consider an ensemble of N X N Hermitian matrices [H; ] =[R;x +iSi ], with R real
symmetric and $ real anti-symmetric, i.e.

R]'k :R;i =Rkjs Si = I>Z = _Skll' (2‘1)

The joint probability density for the matrix elements is taken to be

-

2 2
PH)=c eXp[—z(R"*+ Sik )} (2.2)

5t 73 3
x\dr° 4va

dH = ] dR ] dS, (2.3)
j<k

i<k

where the normalisation constant ¢ is

¢ :27N/2a—N(N~1)/2(27TU2)7N2/2. (24)
On average

(ImHAP (s _N-1 ,

(Re H||2) —<|[R||2) SNE1Y ~@ for large N. (2.5)
We shall choose the scale v such that

20%(1+a?)=1. (2.6)

As special cases we have; (i) a’=0, so that § =0 with probability one and the
matrices H form the GOE; (i) & = 1, on the average R and § have the same magnitude
for large N and the ensemble is GUE; (iii) a’-oc, § dominates R, and the ensemble
of H may be referred to as the anti-symmetric Gaussian orthogonal ensemble (AGOE).
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The joint probability density for the eigenvalues xy,...,xy of H is
pxi,...,xn)=Cn exp[—%u +a?) Y xf]A(xl, ..., xn) PE[Fy), (2.7)
where

AX)=A(xy, ..., xn) = 1<ig<N(Xi —x;), (2.8)

and Pf [F;,] is the Pfaffian of a 2m X 2m matrix defined below. If N is even, 2m =N,
we define

Fy=flx;—x,), i,j=1,2,...,N. (2.9)
If N is odd, 2m = N + 1, we use the preceding definition and in addition

E,N+l=_FN+1.i=1; i=1,2,...,N, Fnoiina=0 (2.9a)

L—ah /2 L—a® /2 = l—a*
f(x)=erf[( 4a2¢> X]E( ﬂa;) .[, exp(— da” )dy. (2.10)

The [F;] is an anti-symmetric matrix of even order and its Pfaffian+ is, apart from a
sign, the square root of its determinant. The normalisation constant Cy is

with

- ToNT N
C;l 223N/2(1_a2)MN—1>/4(1+a2)~mm+1>/4 H r(1+%].). (2.11)

j=1
Note that when a’ > 1, f(x) ang Cx are both pure imaginary but p(x,, ..., xy) remains
real positive. Moreover,fora“=0, 1 oroo, p(xy, ..., xn)and all the quantities derived

below have well defined limits.
All the eigenvalue correlations can be expressed in terms of functions of two
variables. The n-level correlation function (Dyson 1962a, Mehta 1967 ch 5.1) is
Rn(xi,. LX) = {dEt[q)(xh Xj)]i,j:I n}l/z (2.12)

and the n-level cluster function (cumulant of the preceding) is

To(x1,. .., %) =2 Tr S D(xy, x2)P(x2, x3) . .. Dlxn, X1), (2.13)
where
En(x, y)+Sn(x, y) Dnix,y)
d(x, )=[ , ] 2.14
Y Inix, y) Envly, x)+Sn(y, x) ( )

and the sum in (2.13) is taken over all (n —1)! distinct cyclic permutations of the

+ The Pfaffian (see e.g. Mehta 1977) of any 2m x 2m anti-symmetric matrix A =[a, ] is the alternating
multi-linear form in the elements a,; with | <},

PfA=Pila,]=) 4,85, .4

2m-182m>

where the sum is taken over all (2m)!/{2"m!) permutations (i, i5, ..., {2m) Of (1,2,...,2m) with the

restrictions iy <i, i3<ig, ..., l2m-1<izm {1 <i3<...<{3,-1, and the sign is + or — according to whether
the permutation is even or odd.
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indices (1,2,...,n). Note the interchange of x and y in the lower right-hand corner
of (2.14). The two-point functions é~, Sx, Dy and Jx are given in terms of other
two-point functions I (x, y), g(x, y), un(x, y) and the one-point functions o;(x), Y;(x),
A;(x), and ¢ (x) defined below.

©2m(x) exp("%azyz)/J' ©2m () exp(~3a?t?) ds, N=2m+1o0dd
§N(xy ,V)= ~o

0, N =2m even,

(2.15)
1+a?\¥ 1ary1/2
Snix, y)= Z ¢i(x)ei(y) +(1-a )( — ) GN) en_1(x)An(y) (2.16)
Zi.) [o2i(x)@2;(y) —¥2;(x) A2 ()], N =2m even,
=10 (2.17)

m—1
Z“ [@2ie1X)@2+1(¥) = ¥2j-1(0)A 21 (y)], N =2m+1 odd,
P

Nt 21+ \N 1/2
Dutxy)= T ety +(1-a)(7) 4N on-ixon(y) 2.18)
m-—1
{ ZO (@2 ()2, (¥) = W2 (x )2 (y )], N =2m even,
P
") et (2.19)
Z) (2141021 1(y) = Y2y e1(X )21 (¥)], N -2m+1 odd,
L=
I y) =In(e, y)+g(x, y) +un(x, y) —un iy, x), (2.20)

where

N-1
Ivixy)= 2 eioa;)+ -’ +a®)/(1-a TGN 2An)An 1y) - (2.21)

m-—1
.20 (02 (x)A;,(y) = Ani(x)e2(y)], N =2m even,
P
T et (2.22)

ZO [<P2j+1(x)A2/+1(y)—A2j+1(x)<P2,+1(y)] N=2m+1 odd,

N

g(x,y) =3[(1+a®)/(1-a™]"? exp [~La (x> + y D)) flx - v), (2.23)

= L Aein)=1 T [A0e ()= ¢,(x)A,(y))
=0 i=0

[Az,'(x)@n(y )= <p2,~(x )Az,-(y)]

A8

1l
I [‘48

[A2;+1(x)902,f1(}’) @25+1(0)A 211y )], (2.24)
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exp(—za zxz)Azm(Y)/J eam(t) exp(=3a’t®)dr, N =2m+1o0dd,

un(xy) = 0, N =2m even, (223)
0;(x) = (2Nm ™ exp(x*)(~d/dx) exp(-x?), (2.26)
Gi(x)=[(1+a?)/(1-a?)] expGa’s?) (d/dx)exp(—3a’x))e;(x)], (2.27)
A;(x)=[(1-a®/1+a)Y exp(-3a’x?) I expGa’t?)e (x — 1)e;(t) dt, (2.28)
£(x) =3 sgn x. (2.29)

For large N, the level density R,(x) becomes a semi-circle for all «
Rix)=7n"'2N -x)"2 (2.30)

The n-level correlation and cluster functions for n >1 are discontinuous in a? at
a?=0. We have the GOE results for a>=0 and the GUE results for >>0. On the
other hand if

RMS value of (Im, H};) _a

A=Ax)= - =
Local average spacing at x V2

Ri(x) (2.31)

remains finite when a®- 0 and N » o, the n-level correlation and cluster functions
have well defined limits for all A. With x;,—x; >0 and (x; —x;)R(x;)>r; = r —r;, the
n-level correlation function becomes

Ru(ry, ..oy ras A)= lim (R (x1), .., Ru(xn)} ' Ralrs, - o, %)

= {detlo (rij; A)lij=1....n}" "2 (2.32)
and the corresponding rn-level cluster function is

Yalrss oo )= B (Ry(x1) . RyCxa)} " Ty, 2)

=3TrY o(ri2; A)o(ras, A) ..o (Ta1s A) (2.33)

where the sum is taken, as in (2.13), over all (n —1)! distinct cyclic permutations of
the indices (1,2, ..., n) and

o _[singmr)/mr  D(r;A)
a(r’A)—[ J{r;A)  (sin wr)/nr]’ (2.34)
with
D(r;A)= —%J' k sin kr exp(2A*k?) dk, (2.35)
4]
T(r;A) = —% J' S”;(k’ exp(—2A %k ?) dk. (2.36)

Note that as A » 00, D - 0, J - 0, while the product JD - 0, so that in the expressions
for R, and Y, one may replace D and J by zeros.
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2.2. Matrix ensembles from GSE to GUE and beyond

Introducing the quaternion units

o ro i _0—1} _[i o]
1"[0 1]’ el_[i o}’ ez—[l o)’ ““lo il (237)

we shall think of a quaternion

qot+iqs iq, “42]

=g+ + + =
qd=qorTqi1€1 Tg262T(gz€3 [iq1+qz qo—iqs

(2.38)
as a 2 X 2 matrix. Conversely any 2 X 2 matrix will be taken as a quaternion with gqq,
41, g2, ¢> as ordinary complex numberst. An N X N matrix with quaternion elements
is thus equivalent to an ordinary 2N X 2N matrix, and conversely any 2N X 2N matrix
can be cut into N2 blocks of 2 X 2 and each 2 X 2 block will be regarded as a quaternion.
For definitions and properties pertaining to quaternion matrices see Dyson (1970,
1972), Mehta (1977 ch 8). We recall in particular that a quaternion has two types of
conjugates:

d=qo—qie1— (22— qa€3 (2.39)

and

q*=q% +qtei+qies+qie;. (2.40)
The two conjugates together give the Hermitian conjugate

q" =q% —qtei—qies—qies. (2.41)

The quaternion q is called real if ¢ = q* and scalar if ¢ = 4. Note that the 2 x 2 matrix
representative of a real quaternion does not necessarily have real elements. A matrix
M with quaternion elements M}, is ‘quaternion real’ if Mj, = M} ; ‘quaternion pure
imaginary’ if My =—-M}; self-dual if My =M, anti-self-dual if M =—-M,; and
Hermitian if M,Tk =M,;, The matrix M is unitary if MM "=M'M=1 and it is
symplectic if MM =MM =1. A Hermitian self-dual matrix M can be diagonalised
by a unitary symplectic matrix U

M=UDU’, vU'=U0 =1, (2.42)

where the diagonal elements of D are real and scalar.
Now, as in § 2.1, consider an ensemble of N X N Hermitian quaternion matrices

[Hj]=[Rj +iSi], (2.43)
where R and § are real self-dual and real anti-self-dual quaternion matrices respec-
tively, i.e. with

0, v o, %
R=R°+ Y R“e, §=85°+Y S*,; (2.44)
u=1 w=1
R°and $* are real symmetric while R* and §° are real anti-symmetric. The probability
T The coefficients qo, 41, 42, and g3 are usually taken to be real numbers so that the quaternions may form

a field. We are relaxing this constraint since we do not need the property that every non-zero quaternion
must have an inverse.
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density for the matrix elements will be taken as

_ e 2 ((RE) (S
P(H)—cexp[ ;,Zkéo( - +4uza2)] (2.45)
k] 3
dH =] (dR?k I ds;;) 1 (ds?k I dR,*i), (2.46)
isk u=1 i<k pw=1

with the normalisation constant

¢ =27 N NNy %)V, (2.47)
On average the ratio of the anti-self-dual and self-dual parts of H is

ASIP/ARIP =[2N +1)/2N - D]a® =a? for large N. (2.48)

We shall again choose the scale 20°(1 +a?) =1 as in (2.6).

As previously, we have the particular cases: (i) a> = 0, so that § = 0 with probability
one and the matrices H form the GsE; (ii) a®=1, on the average R and § have the
same magnitude and the ensemble is GUE (of 2N X 2N matrices); (iii) a’>, §
dominates R and the ensemble of H may be referred to as the anti-self-dual Gaussian
symplectic ensemble (AGSE).

The joint probability density for the eigenvalues xi, ..., x,n of H is

-O-a2

1
p(xy,...,x2n)=Cn CXP(‘

.....

where A is the product of differences of the 2N variables x5, . . ., xan, equation (2.8),
F(x)=xexp[-(1-a*)x?/4a?] (2.50)
and
N
C;]l — 2—N(N—1)ﬂ_Na3N(1 _aZ)N(N—l)(l +a2)—N(N+1)(2N)! (N')—-l I‘I (2])! (2.51)
1

The limits in the three cases a>=0, 1 and © are again well defined.
The n-level correlation functions and their cumulants are again given by (2.12)
and (2.13) with ® replaced by

_[Sn(xy) Knix,y)
q’(’"”'[IN(x,y) Sty (2.32)
with the new functions
N-1
Sxx,9)= T [oniesonies(y) = bayos(0)Azyoa(y)] (2.53)
2N 1— g2\ 2N+
=Y ee+Ared(ra) (VD e (dannly), (259
N-1
In(x,y)= _;0 [@2j+1(0)A 241(y) = A2ja(X)@2j41(y)] (2.55)

2

2N +1
a
o) (V) Aanadan(y), (256)

2N
= ¥ ei(04, () + (1 +a%(
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KN(xs Y)=DN(x1 Y)+g(x’ Y), (2-57)

-1
Dynix,y)= A.IZO [4P2j+1(x )lllzj+1(y) - ‘l’2i+1(x)902,'+1()’)] (2.58)

2N+1

Y 2 (1-a’ 172
=¥ e+ 1+ad(T) (VD e @enmaly), (259

1+a®(1-ah

glx,y)=~— ——=exp[—3a’(x’ +y*)]F(x - y) (2.60)
4o’V

o

;i (x)p;(y) %2 () (y) — @i () (y)]

i

I
K Mg

[d’Z/ (x )402] (Y) P2 (x)',’ZJ ()’)]

= Z [¢21 )@2i(y) — @2 (x )21 (y )] (2.61)

where ¢;(x) and £(x) are given by (2.26), (2.29),

2.1
sz) exp(—ta’x )E (explia’xHe;(x)), (2.62)
2.7 o]

A;(x)=(itzz> exp(Ga’x?) LO exp(~3a’y?e(x —y)g;(y)dy.  (2.63)

¢/(x)=(

For large N, we again have a semi-circular level density
Ri(x)=7m"'4N-x%!"? (2.64)

whereas the n-level functions for n >1 are discontinuous in a® at «>=0. On the
other hand when a -» 0 and

A=A(x)=~(a/vV2)R:(x) (2.65)

is finite, the functions have well defined limits. Equations (2.32) and (2.33) are
unchanged but with o replaced by

o _[Gingr)/ar K(r;A)
a(r,,\)—[ KriA) (sin'n-r)/vrr] (2.66)
where
_y {7 sin kr 2,2
I, A)y=—m J. exp (2A k") dk, (2.67)
ok
Kiria)=-n"" f k sin kr exp (—2A%k?) dk. (2.68)

I’

Note that the limit of K'(r; A) at A =0 contains a term in 8(r)/r. This is due to the
fact that in the GSE the eigenvalues are doubly degnerate. For A - o0, the product
IK being zero, I and K can be replaced by zeros (see the remark following (2.36)).
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3. Joint probability density for the eigenvalues

In this section we derive the joint probability density for the eigenvalues, equations
(2.7) and (2.49), from that of the matrix elements, equations (2.2) and (2.45). The
matrix element probability densities depend on the eigenvalues and the angular
variables characterising the eigenvectors, and one has to integrate over these angular
variables. For a” =0, 1, ® in both ensembles the matrix element probability densities
depend only on the eigenvalues. Also the Jacobian separates into a product of two
functions, one involving only the eigenvalues and the other involving only the eigenvec-
tors (Dyson 1962b, Mehta 1967 ch 3); therefore the integral over the angular variables,
giving only a constant, need not be calculated. For arbitrary o this simplification is
not there, but we know (Itzykson and Zuber 1980, Mehta 1981) an integral over the
group of unitary matrices U,

j exp[c Tr(A — U'BU)?*1dU = constant[A(a)A(b)]" det{exp[c(a; — b;)*]} (3.1

valid for arbitrary Hermitian matrices A and B having eigenvalues {a;} and {5}
respectively, where A is the product of differences, equation (2.8). We also have two
other results at our disposal.

(i) The convolution of two independent Gaussian distributions with variances o
and o, is again a Gaussian with the variance g+

<] 2 2
2y-1/2 _X 2,-1/2 _y-x)
J‘_w (2moy) exp( 209(2170'2) exp( 2357 )dx
=[2m(ei+a)] " expl-y*/2(@i +a3)], (3.2)

(ii) For any sets of functions 6;(x), 7;(x) and x;(x) and for a suitable measure du (x),
integrals of the form

1/2

N
I = J. . J I:[dp, (x;)det[6:(x;)] sgn A(x), (3.3)
n=[.. [ Tl du xodet 18,65, 7)1y (3.4)
1 i=1..., m
I3=J . .J‘Udp.(x,v)det[ei(m), Ti(Xj),Xi(xm)];il ,,,,, 2m-1 3.5)

i=1,..,m~-1

can be evaluated by the method of integration over alternate variables and the theory
of Pfaffians (Mehta 1967 ch 5.2 and appendix A.7). The result is

Li=N!Pfla;)ii-1.. 2ms (3.6)
L=m!Ptb;lij=1.. 2m (3.7)
I3=(m '—1)' Pf[Cij]i,j=1 ..... 2ms (3'8)

where 2m =N if N iseven and 2m =N +1 if N is odd,

a; = ” du (x) due (y)[6:(x)6,(y) — 6;(x)8:(y)] (3.9)

x=y
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fori,j=1,2,...,N. When N is odd, we have in addition

AiN+1= —AN-1, = J du (x)6i(x) (3.10)
fori=1,2,...,N,and an.1~+1 =0. Also

b"’:j du (x)[8:i(x)7{x) = 7:(x)8;(x)] (3.11)
fori,j=1,2,...,2m,

cij = by, Li=1,2,...,2m -1, (3.12)

Ciam = ~Cam, =J. du (x)xi(x), (3.13)

Camam = 0. (3.14)

We therefore proceed in three steps.

Firstly we write H as a sum, H = A + B. This convenient breaking will be different
according to whether a*<1 or a’>1 and has nothing to do with the previous writing
of H as a sum of its real and imaginary parts.

Secondly we use equation (3.1) to integrate over the unitary matrix, diagonalising
B. The result is some determinant containing the eigenvalues of H and of A, and
the product of differences of these eigenvalues.

Finally we integrate over the eigenvalues of A using equations (3.3)-(3.14).

The treatment of the ensemble of Hermitian quaternion matrices will be parallel.
Constants will be ignored in the intermediate steps; the final constant will be fixed
by the normalisation condition (see appendices 2 and 3). The detailed working is
given in the following sub-sections.

3.1. Matrices from GOE to GUE and beyond
We write H as a sum of two Hermitian matrices
H=A+B (3.15)

and choose B so that its real and imaginary parts have the same variance. If o’ <1,
the real part of H has a larger variance than its imaginary part and we choose A to
be real symmetric. If @’>1 it is the imginary part of H which has a larger variance
and we choose A to be pure imaginary anti-symmetric. In either case we adjust the
variance of A and the common variance of the real and imaginary parts of B in a
proper way. Thus our choices are:

AT=A=A%
PiA)xexp{~Tr A%/[4c*(1-a )]},
P.(B)xexp(—-Tr B*/4v a?),

if a®<1, and
AT=-A=A*%
Pi(A)xexp{~Tr A*/[4v%(a’ - 1)]},
Pa(B)xexp(—Tr B*/4v?),
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if @®>>1. We combine these equations as
AT=A*=Asgn(1-a?),
Pi(A)cexp[—Tr A%/(4v3[1-a?))], (3.16)
P.(B)xexp(—Tr B>/4v%y?), (3.17)

where y>=min(1, a®). Though equations (3.16) and (3.17) look alike, they have an
important difference: Tr B> contains two sums of squares, those of the real and
imaginary parts of B, whereas Tr A’ contains only one of them. Equation (2.2) is
now written in the equivalent form

P(H) =J’ P, (AP, (H—-A)dA. (3.18)
Let x4, ..., xy be the eigenvalues of H

H=UxU", U'U =1, (3.19)
so that (see Dyson 1962b, Mehta 1967 ch 3)

dH < A*(x) dU dx, (3.20)
and the joint probability density for the x;, ..., xx is

plx)=p(xy, ..., xN)OCJ P.(A)P,(H — A)A*(x) dU dA. 3.21)

We consider separately the cases of A symetric and anti-symmetric.
When A is real symmetric, its real eigenvalues a, ..., ax are in general distinct
and from (3.16), (3.17), (3.21) and (3.1) we have

N g} Tr(UxU - A\ .,
p(x)OCJ exp(—zl‘, m) exp(—4—vz—>A (x)dU dA (3.22)
N 2 X'—a,‘)z

OCA(x)J.exp(—;Tl)z-(%;—z—)) det[exp( (‘402 )] A(la)dA. (3.23)

As far as the dependence on the eigenvalues is concerned, one has (Dyson 1962b,
Mehta 1967 ch 3)

dAOC}A(a)I da,...dan, (3.24)
so that
N 2
p(x)“A(")JexP( R (1 o ))
Xdet[exp( (Xl4v ) )} sgn A(a)da, .. .dan. (3.25)

Using equations (3.3), (3.6) and (3.9), we get

N
p(x)OCA(x)exp( ; )Pf[b,,] (3.26)
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where

1 )
b,-,~= J’I dzxdzz[exp<—m{[zl—(1—az)x,-]2+[z2~(1—az)x,]z})'

~OS 7| €250

1
~exp( ~ g (- (1—adn P+ - (1-adal) ] G27)
fori,j=1,2...., N, when the order N of the matrices is even. For N odd, we have
one more row and column, fori=1,..., N,

oc 2 2
[z-(1-a)x] > 1 (3.28)

b= =bvess=|_az exp{ -
On introducing the new variables & = (kzz+z1)/\/§, t= (zz—zl)/\/i, the integration
on & in (3.27) can be performed. A little algebra then gives

2, 1/2

b;; = constant erf[( —2a 2) (x; —x,-)] Lj=1,...,N. (3.29)
8v a

Equations (3.26), (3.28) and (3.29) give (2.7) when A is real symmetric.

When A is anti-symmetric pure imaginary, its eigenvalues are real and come in
pairs +a;; zero is necessarily an eigenvalue if the order N of A is odd. As far as the
dependence on the eigenvalues is concerned (Dyson 1962b)

dAc T[] (ai-af)da;:...dan (3.30)
I=si<jsm
A@)=2"Tla; T[] (al-a})? (3.31)
1 lsi<jsm

for N = 2m even; while

dax[la? T[] (af-a}), (3.32)
1 l=si<j=sm
Al@)=2"[la; TI (al-a}), (3.33)
1 Isi<jsm
for N=2m+1 odd. (We take ay,...,a, as distinct positive numbers.) Thus from

(3.16)-(3.18), (3.21), (3.1), (3.30) and (3.31) we get for N =2m even

i

« a?-1 2
Xdet{e"p _4v2(a2—1)(aj— a? x") ’

2 2_1 2
o g (o) ]
402((12_1) I aZ i ’

i=1,...,N; i=1....m (3.34)

Noox} * *da;...da,
pswen( 3 i) [ [, G
2
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For N =2m+1 odd, instead of (3.30) and (3.31) we use (3.32) and (3.33). The
result is again equation (3.34) in which the determinant contains one more column

[ () e ) 339
ST 2Tl =D\ a2 TP T %) '

For N even, we use equations (3.4), (3.7) and (3.11), to get from (3.34)

N 2

p(x) Alx) exp(—g 4:;012) Pib,] (3.36)
with
bi =L®i—zﬂexp{‘4uz(zz- 1 [(Z _a;l"‘)z"(z +a:—_21"’>2]}

BN IRESR NACEK ) R

For N odd, we use (3.5), (3.8), (3.12) and (3.13); the result is again (3.36) in which
the Pfaffian contains one more row and a column

2
a“—1 2)
Ne1=—BNe1i = ———=xi). 3.38
bz,N 1 bN 1, exp( 4v_a2x ( )
A little algebra gives for (3.37)

2 0 2 1/2

a’ -1 dr _.. . a’—1
bUOCexp(—4v2a2 (x,2 +x,?)> J‘O —t-e sinh [(W) (x; —x,-)t]

1/2

2

a "'1 2 2 02—1
ocexp(—% az(x‘- +x; )) erf[( )

F)
) 8v a

(x; —x,-)]. (3.39)

Equations (3.36), (3.39) and (3.38) give equation (2.7) for anti-symmetric A.
Equation (2.7) is therefore established in all cases except for the overall constant.

3.2. Matrices from GSE to GUE and beyond
We write the N X N quaternion matrix H as a sum
H=A+B, A=Asgn(l-ad). (3.40)

The quaternion matrices A and B are Hermitian; the self-dual and anti-self-dual
parts of B have the same variance; A is self-dual quaternion real if a°<1, and
anti-self-dual quaternion pure imaginary if «“>1. Due to equation (3.2) equation
(2.45) is equivalent to

Pl(A)OCexp[—Tr Az/(4u211~a2})], (3.41)

P2(B)0Cexp(—Tr BZ/40272), (3.42)

where as before yz =min(1, a?). Let

H=UxU", UU" =1, (3.43)
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where H, x and U are 2N X 2N ordinary matrices, x is diagonal, the diagonal elements
X1,...,Xx2n Of x are the eigenvalues of H. As before (Dyson 1962b, Mehta 1967 ch
3)

dH < A%(xy, ..., xon)dx dU, (3.44)
dx del e deN' (345)

We consider separately, as before, the cases of A self-dual and A anti-self-dual.

When A is self-dual, its eigenvalues are real numbers a;, ..., ay each repeated
twice. Since the right-hand side of equation (3.1) is now of the form 0/0, we cannot
use it directly, but have to take limits when the eigenvalues of A become equal in
pairs. The calculation gives

J exp[-Tr(A — UxU")*/4v’a’]1dU < (A(x)A%*a))™"

2

X det [exp(—(ai —2x,2)2)’ (a;—x;) exp(—(ai _zsz.) )], (3.46)

4v°a 4v°a

i=1,...,N;j=1,...,2N, where A(x)=A(x,,...,x2n) and Ala)=A(ay, ..., an),
equation (2.8).
Now as far as the dependence on the eigenvalues is concerned (Dyson 1962b,
Mehta 1967 ch 3)
dAxA*a)da,...day =4%a)da, (3.47)
so that

P(x)Ep(xl,‘..,xZN)xA(x)Jda exp(—i_L)

™ 20°(1 —a?)
(@i —x;)° (@i—x)°
<aeep(~G). amm oG] -
€l exp 402a> (a; —x;) exp 40202 (3.48)
Using equations (3.4), (3.7) and (3.11) one gets
2N x‘?
px)Alx) exp (—g 4—?) Pilh, ], (3.49)
where
2 2 0 2 2 2.
xi; +x; z (z—x))" (z—x))
hiy = (i = xi) exp( 40° ]> Lco dz exp(—m> exp(— 4v%a® 41)2cz]2 )
(3.50)
A little algebra now gives
1—a2 2
iy o (x; — ;) exp(—-——r—z(xi—x,-) ) (3.51)
8vca

From (3.49) and (3.51) we get equation (2.49) for the case a><1.
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When A is anti-self-dual, its eigenvalues are the real numbers +a,, £d4,, ..., £an,
and from equation (3.1)

J exp(—M> dU «<[A(x)A(xay, . .., xax)]’

4p?
& -x,-)z) (_ (a: +xf)2>]
X det[exp( yveandl exp 12 . (3.52)
However,
N
Alzay, ..., xay)=2"[JafA@], ..., ad)T, (3.53)
1
and as far as depeendence on the eigenvalues is concerned (Dyson 1962b)
N 2
dAx[]a? [A(a%,...,a,i)], (3.54)
1
so that
w© © N N a,'z
px)cAlx) '[0 .. J:) da;...day IIIa,- exp(—; m)
(a —xj) (_ (a; +xj)2>]
xdet[exp( 42 ) exp 402
2N x?
o Alx) exp(—z 4—17) Pflh;], (3.55)
1

where in the last step we have used equations (3.4), (3.7), (3.11), and
2

2 : 1))

2 ©
xi+x; z
h,-,-:exp( 4v2’) L dzz exp(—————zvz(a —

y [exp(_ (z ;szi)z (2 :szi)2> _exp(_(zi-ux;)z _ (z;vxzi)z)} (3.56)

A little algebra now gives

-1
W(n—x,f). (3.57)
Equations (3.55) and (3.57) give (2.49) for a’>1.

Equation (2.49) is therefore established for all values of a*, except for the overall
constant.

2
hi,' oC (x,- —x,~) exp(— a

4. Correlation and cluster functions

To derive the correlation functions we shall use the theory of quaternion matrices
(Dyson 1970, 1972, Mehta 1971, 1977 ch 8).

Definition. Let Q be an N x N quaternion self-dual matrix. We define Tdet Q to
be the scalar

T det Q = Z (_1)P(qi1i2qi2i3 s qi,ix)O(qilizqizis e qi.ix)o cee (41)
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where the sum is taken over all permutations P consisting of exclusive cycles (i1i> . . . i),
(j1j2...Js) ..., and the subscript zero denotes the scalar part.

In particular we need the following two theorems (Dyson 1970, 1972, Mehta 1971,
1977 ch 8).

Theorem 4.1. Let Qn be an N XN quaternion self-dual matrix with elements g; =
q(x;, x;) = gj:, satisfying the conditions
x

[ atwyatn21ay=atc 21 +rate 2)-atx, 20, “2)

with 7 a constant quaternion. Then
I Tdet Qn dxy =(c =N +1)Tdet Qn -1, (4.3)

where ¢ is the constant scalar

x©

c =j a(x, x) dx (4.4)

and Qn-; is the (N —1)x (N —1) quaternion self-dual matrix obtained by removing
from Qn the row and column containing the variable x.

Theorem 4.2. Let Q be an N XN self-dual quaternion matrix. Let us denote by
M (Q) the 2N X 2N matrix obtained from Q when its quaternion elements are replaced
by their 2 X 2 matrix representatives, equation (2.37). Then

det M(Q) = (Tdet Q)% (4.5)

Let us consider the first ensemble. Using theorem 4.1 several times one can get
the correlation function

N! [= o} [= o}
R.(xy,... ,x,,)=(N_rl—)—!J_w.“J plxy, ..., xn)dxnsy ... dxn (4.6)

-0

as a T'det of an n X n quaternion matrix; the derivation relies on the fact that the
p(x) of equation (2.7) can be written as

plxy, ..., xn)=(1/N)HTdet[P(x;, x))]ij=1..N 4.7)
where ®(x, y) (equation (2.14)) satisfies the equality

[ oy, 21 dy =0, )+ r00x, 2)- 005, 2, 4.8)
in which 7 is a constant quaternion. Equation (2.12) then follows from theorem 4.2.
The proof of equation (4.7) is given in appendix 4 and that of (4.8) in appendix 5.
Similarly one can get the correlation functions for the other ensemble, since
Px1, ..., xon) =[N Tdet[®(x;, x)]i =1, 2N, 4.9)

where p is now given by (2.49) and @ by (2.52), and since this ® satisfies equation (4.8).
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The proof of equation (4.9) is given in appendix 4 and that of (4.8) with & replaced
by ® is given in appendix 5.

Equation (2.13) is obtained from the observation that (Dyson 1970) the cluster
function T, is the cumulant of the correlation function R, and the expression on the
right-hand side of (2.13) is the cumulant of the T'det[®(x;, x;)]ij=12...n-

To get the limits for large N of the correlation and cluster functions it suffices
then to take the limits of ®(x, y) and ®(x, y). The limits of the functions Sy (x, y),
Dn(x,y), In(x,y) and Jn(x, y) were derived by Pandey and Mehta (1983). Those of
Sx, Dx and Iy are obtained from those of Sy, Dy and Iy by changing A* to ~A? and
replacing N by 2N. For g we have

[ o}

[R1(x)] %g(x, y)=—(r/8A°Vm) exp(—r?/8AH) ~ -7~} J k sin kr exp(—2A k%) dk,

0
(4.10)

from which we get the limit of K.
This completes the proof of the statements listed in § 2. Some technical details
are collected in the appendices.
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Appendix 1. Some useful relations

In this appendix we collect some recurrence relations and identities often used in the
text and in later appendices.

Al l

The harmonic oscillator functions
j —.—1/2 d !
ei(x) = @71V exphed)( - ) exp(-x?), (2.26)
obey the orthonormality
[ ewemar=s, (AL1)

and the recurrence relations

V2;x) =Vl o 1) =Vi+1 g1 (x), (A1.2)
V2 x0;(x) = Vi i1 (x) + Vi +1 g1(x). (A1.3)

These equalities follow from those for Hermite polynomials (Bateman 1953, Szegd
1939) and will not be proved here.
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Al.2
The functions ¢;(x) and A;(x) defined by (2.27) and (2.28) satisfy the equations

V240 =[(1+a?)/(1 -V Vi (1 —a?e; 1 (x) =Vi+1 (1 +a?)e,.1(x)], (A1.4)
V2 4;(0)=[(1+a)/(1 =T [Vil—adA; 1 (x) Vi +1 (1+a DA, .1 (x)]. (A1.5)

These relations can be easily derived from (A1.2) and (A1.3).

Al3
The orthonormality relations involving ¢;(x), A;(x) and ¢;(x) are

j eilx)e;(x) dx = 8y (AL1)

J Ui(x)A;(x)dx = -6, (Al1.6)

X

J_ i (x)e;(x ) dx =J' A(x)p;(x)dx =0, [ +] even. (A1.7)

The second is obtained by partial integration and the third by parity argument.

Al4

The recurrence relations

W2 (x)A{y)
= —@2e1(0)@21(y) + (1= a1 +a)/(1 =)V 3121 (x) A (y)
~[(1+a®)/(1=a) PV +1 @21 (0)Az ()}, (A1.8)
Yajv1(x)Az1(y)
=~ ()@ () +(1=a (1 +a®)/(1 - )V @2 (x)As—1(y)
~[A+a?) /(1= PV +1 ¢2102(x) Az ()}, (A1.9)

¢2;(x)A2(y) + Azi1(x)@241(y)
=(1-a’{[(1+a?)/(1-aP)FVj Ay 1(x)As(y)
—[(1+a®)/(1 =PV +1 A1 (x) Az}, (A1.10)
Y2 (X)@2;(y) + @20 1(x )2 01(y)
=(1—a){[(1+a”)/(1=a®) V] eoy1(x)pay(y)
—[(1+a®)/(1=a) Vi +1 oze1(0)@420y)}, (A1.11)

can be derived from (Al.4) and (A1.5). These relations are useful to verify the

equivalence of expressions (2.16) and (2.17) of (2.18) and (2.19) and of (2.21) and
(2.22).
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AlS

We need the integral

oC

[ eutrexpi—tatyyay

=R2n/(1+a™]? (—2]’# QYN V(1 -ad)/(1+a)]. (A1.12)
To prove this equation we use the generating function
exp(-y’+2yz —z%) = 20 ]z—,] (—C—?;)j exp(~y?)
= EO f—, exp(~3y*)(2j1V'm e;(y) (A1.13)
to write
'20 j—,] Q@jNm? f; ¢;(y) exp(—3a’y?®) dy

a©

=J exp[—%(1+a2)y2+2yz—zz]dy
S1=a®\1 (% 1+a? 2 2
=exp[z (1+a2> exp ~ 2 (y_1+a22> dy

_( 27 )”2"2":2_2"(1—0:2)"
“\1+a?) St 1+

Equating coefficients of z on both sides we get (A1.12).

Al6

We need the convolution integrals
J' g(x, y)gi(y) dy = ¢;(x), (Al1.14)
I glx, y)e;(y) dy = A;(x), (A1.15)

with g(x, y) given by equation (2.23). By partial integration (A1.14) is equivalent to
4

[~ e[t (e -5

v 1-a’y!
= "(ﬁ)mx). (A1.16)

To prove this we expand both sides of the identity
4

EO eXP[2yz -z =31 +a2)y2—(1—a )(x —y)z] dy

4a°

2avw 1-a®\? , (1-a®\ 5 ,
=1+a2exP[—(l+a2> z +2(1+a2)z"_5(1_“ x ] (AL17)

in powers of z and use the generating function (A1.13).
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Equation (A1.15) can be rewritten as

e o)

2+ p
(1+Zz) J f(x—y)e><p(—-%azy2)<p,~(y)dy=j~ exp(3a’y®)e;(y) sgn(x —y) dy.

This last equation is true, since the derivatives of both sides are equal, equation
{A1.16), and the equality holds at one point x =00. In fact at x =00, f(x,y)=
sgn(x —y) =1, and we have to make sure that

oo

e M 12 2 122
(%) [ emladyomdy=[  expda’ylet)dy. (AL.18)

l1-a

For j odd, both sides are zero and the equality is evident. For j even, changing the
sign of a” in (A1.12) and taking ratios we get (A1.18).

A1.7 Recurrence and orthonormality relations between r;(x), A;(x) and ¢;(x).

The functions ¢;(x) and A;(x), equations (2.62) and (2.63), are obtained from ;(x)
and A;(x), equations (2.27) and (2.28), by changing the sign of a?. So from (Al1.4)-
(A1.7) we get

V2,00 =[(1-a’)/(1+a)T Vi1 +ade)—Vi+ 1 (1~adeax)],  (AL19)
V2 ;(x)=[(1=a®/(1+a)V Vi1 +a DA, 1) -Vi+1 (1 - a4, (0)),

(A1.20)
J Yi(x)A;(x)dx = 8, (Al1.21)
Yilx)e;(x)dx =J Ai(x)e;(x)dx =0, i+jeven. (A1.22)
AlLS
We also need the convolution integrals
J. glx, y)e;(y)dy =¢(x), (A1.23)
[ty =g (A1.24)

Equation (A1.23) can be established from the definitions of g(x, y), ¢;(x), equations
(2.60), (2.62), and using equations (A1.16), (A1.2) and (A1.3). For equation (A1.24)
we have from the definitions of g(x, y) and A,(x), equations (2.60), (2.63),

[ gty ay = -Lre0 el (Lray ﬁ dy dz

o 4oV 7 1-a?

—0

xe(y = 2)¢)(z) expl-da’x+23]0x - y) exp( - (x =y )?).
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Changing the variable y to ¢t = x —y, one can integrate over ¢

4 1_a4
= t2) dt=exp<— > (x—z)z).
da

1-a*

2a’ [ elx—z—1)t exp(—

Now using equation (A1.16) one gets (A1.24).

Appendix 2. A normalisation integral

The constant in (2.11) being fixed by the condition

I J pxi,...,xn)dx; ... dxn=1 (A2.1)
—o0 —o0
with p(x1,...,xn) given by (2.7), we shall evaluate the integral
-1 o ® 1+a2 2
Cn =J' . J dx;...dxy exp<— > Y xi)A(x) P{[F;], (A2.2)
with
Ax) =] (i —xy), (2.8)

i<j

and F;; defined by equations (2.9) and (2.9a).
The Pfaffian and A(x) are alternating functions of the variables x4, ..., xn. The
A(x) can be written as a determinant

N-1 ) —
exp(—%zx?)A<x)= 1;[ Q7Vm 2 detli-1(x)]i=1..x, (A2.3)

where ¢;(x) is the normalised ‘oscillator function’ given by (2.26). The number of
terms in the Pfaffian is 2m)!/2"m!) with N =2m or N =2m — 1.

It is convenient to discuss separately the cases N even and N odd. Let us first
take the case N =2m even. From the symmetry and what we said above, one has

o

H(z J! 1/2J...del...deexp(—%azzx,-z)

—0

X PE[f(x; — x;)] det[gi-1(x;)] (A2.4)

[}

N-1 ) _ 2 l
= 1—01 (T’j!\/ﬂ)”z%f ... J- dx;...dxn exp(—%azz:xf)

X H f\xz, X2i~1) det[qo(-_l(x,)]. (A25)
For the last integral, we have from the theory of Pfaffians (Mehta 1977 appendix A.7)

ci H Q7 )‘“2((2'")) m12™ Pila;lmon..ame1  (A2.6)
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where for £, j=0,1,...,2m—1,

ay =1 [ [ exalia®e® + Y1y x)leito)er )~ s(xheuly)] dx dy
= H exp[—3a’ (x> +y)f(y —x)@: (x)e;(v) dx dy. (A2.7)

From parity one sees that a; =0 if i +j is even. Thus the Pfaffian reduces to a
determinant

Pf[aii]i,]‘=0,l ,,,,, 2m—1=det[a2i,2j+1]i,j=0,l ,,,,, m—1. (A2.8)

The determinant is not changed if we add to any row (column) a constant multiple
of another row (column). To choose convenient multiples, we observe that using the
identity (A1.4)
\/‘ d 1 22

2d—;[<p,-(y)eXP(—za ¥l

=exp(—3a*y )il —ade;-1(y) ~ Vi +1 (1 +aDee1(3)], (A2.9)

an integration by parts in equation (A2.7) gives

(1/\6)[\/} (1 —Otz)ai,,'—1 —-vji+1(1 +a2)ai,j+1]

2 1_ 4, 1/2
2= ooty
1_

4
(=) pey) dr dy
=-2[(1-a®)/(1+a®}""%s;, (A2.10)

In the last step we made use of equations (A1.16) and (A1.1). Thus

2]' 172 1_a2 2 2 1/2 1_a2 2j+1/2
az“z"“"(zjﬂ) (1+a2)“2"2"“=1+a2(2,'+1> <1+a2> 8y = by, say,

(A2.11)

and

detlazz;1] = detl,] = Hl[ = (5 )1/2(1""2)2”1/2]. (A2.12)

1+a’\2j+1 1+a’

From (A2.6), (A2.8) and (A2.12) we finally have for N =2m,

2

NDt moil 9 2 N2 1R 22
- eim il e ()
[ @ym NI 10 2+1) \1+a? (A2.13)
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which is equation (2.11), since
1T W =TT eniei+ o7 =11 1@+ 2rey 1)
=TT 1+ 12270+ hr + )]
Ij (2f +1)/22mm- “H( +%f)). (A2.14)

When N =2m —1 is odd, we have similarly

N-1 .
cx I @7 fiwm 2
0

2m)! -
= ;"?;)' J . I dxi...dxn exp( éaZZx ) H fx2;—x2;-1) det{e;_1(x;)]
: i=1
2 !
(2 n:n)' ( 1! Pf[aij]i,/=o,1..,,2m~1, (A2.15)

where now for i, =0,1,...,2m -2, a; is given by (A2.7), and

Aio2m-1= —Aym-1,i = J eXP(—%azxz)dh(x) dx, i=0,1,...,2m-2, (A2.16)

Aom-12m-1=0. (A2.17)
Again we have a; =0, if / +; is even, so that
Pfla;)ij=0.1,..2m—1 = detazizjs1ij=01.. .m-1. (A2.18)

We can again, without changing the value of the determinant, replace as;2;+1 by by
where for j=0, 1,...,m—2 and i=0,1,...,m~1 the b; is given by equation
(A2.11),while for i =0, 1,...,m -1,

[ 122 _(2m \"? -1/2 2’)' 1- a

(A2.19)

(equation A1.12).
Collecting the results for N = 2m — 1, one has

N =Nlj1 (2—7!\/;)1/21\[!"‘1(—:12[ 2 2( .2 )”2(1_0‘32”1/2J

I+a“\2j+1 1+a

2m \'"? omea — 12 @m=2)! (1-a?\ "]
*(£222) @ am -2 ety (=) . 4220

which on similar manipulations can be seen to be equation (2.11) with N =2m —1.



2678 M L Mehta and A Pandey
Appendix 3. Another normalisation integral

The constant in equation (2.51) being fixed by the normalisation condition

J‘ J' p(xl,...,sz)dxl...dx2N=1,

-

with p(x4, ..., x2n) given by (2.49), we need the integral

<

C;’:J‘,,,J’dxl...dxmeXP(‘

—co

29N

Y x?)A(x) PE[F (x; — x;)],
1

+a

Fix)=xexp{—(1 —a*x?/4a?].

We follow the reasoning of appendix 2, case even number of variables, and write

2N -1
Ccy 1;[ Q7)Y = 2N)! Pfla )i j-on

..... 2N-1

=(2N)!detlaziz;+1]ij=01,..N-1

ay = ” F(y—x)exp[~1a’(x*+y*)]e:(x)g;(y) dx dy

4

5 —y)z) dx dy.

= '” (y —x)ei(x)e;(y) eXp(—%az(x2+y2)_

—Q0

Now from (A1.3), (A1.16) and (A1l.1) one gets after a little algebra

2a*V2r (1 —_—
a2i,2]‘+l=u( ) ( 2i+ 5-+‘/2—l‘8,‘,,’+1).

(1+a?%’
Thus
_1_2N_1 —f. —\1/2 N-1 2(13‘/% 1 o
Cx = rol 7V mY 22Ny I(')I [—————(H 7 (1+ ) \/2]+1]

which is the same as equation (2.51),

Appendix 4. The joint probability density as a T'det of a self-dual quaternion
matrix

Equation (4.7) will be verified separtely for the cases N even and N odd.
When N is even, we observe that the 2N X 2N matrix

G= [SN (x;, x,-) Dy (x; xj)]
i,j=1,.,N,

In(xinx;)  Sn(xpxi)dij= (A4.1)
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can be written as a product of two rectangular matrices of orders 2N XN and N X2N
respectively

G =G0y, (A4.2)
G =[ @21 (%) _¢’2k(xi)]
Fl-An(x) @) Jimiaon, ’
k=0,1,..., N/2-1

o2 (x;) dlzk(xj)]
AZk(xj) <sz(x;') k=0,1,..., N/2—l'

j=12,..,N

ol

The rank of G, or of G is at most N ; it is in fact N, since the ¢, (x) is an orthonormal
sequence. The rank of G, the product of G, and G, is therefore at most N {see ¢.g.
Mehta 1977); in fact we know that it is N, since its first N rows are linearly independent.
Therefore, the last N rows of G are linear combinations of its first N rows and vice
versa. The determinant of the 2N X 2N matrix

SN(Xi,xj) DN(xisxj)]
In(x,xp) Sn(xpxi)dij=1..~

[D(xi, x,)] = [

is therefore not changed if we subtract from its last N rows the corresponding rows
of G:

det[®(x;, x,)] = det[SN(xi, x;) Dn(x; x,-)]

glx; x;) 0
=(—-1)" detlg(x, x,)] det[Dn (x;, x;)]- (A4.3)
But
_nf1+an\N? 5 )
det[g(x, x;)]=2 ( 1 -—a2> exp(—a ¥ x,.> detlf(xi—x)]  (Ad.4)
and
det[Dn (x;, x;)] = det[@ax (x:) 'lek(xi)][ vau(x) ]
—¢2x(x;)
= (det[@a(x:)  dar(x)])’. (A4.5)
Now ¢, being a linear combination of ¢2r—1 and ¢zi+1, €quation (A1.4), we can
replace the columns o, ¥2, . . . , Y2n_2 successively by ¢, ¢3,. .., @an-1 in the deter-

minant. The result is

det[Dn(x,, x;)]x {det[%'—l(xi)]}z
o exp(—z x,-2>{det[x{f_1 ¥
cexp( L xF)[AT (A4.6)
From equations (A4.3), (A4.4) and (A4.6) we get

det[®(x;, x;)] < exp( —-(1+a?) i x,2> det[f(x; —x;))[Ax 7,
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which in view of equation (2.7) is
det[D(x;, x;)]c[p(xy,. .., XN)]Z- (A4.7)
When N =2m + 1 odd, the method used above fails at one point; the N x N matrix

l//2k+1(xj)]

A48
<P2k+1(xj) ( )

D (x;, x;) = [@21+1(x:) ‘¢2k+1(xi)][
of rank N —1 has a zero determinant, while its multiplying factor becomes infinite
due to the extra terms ¢y and ux.

Instead of G consider the 2N X 2N matrix

_ e2c+1(Xi)  ~Y2re1(xi) Sp2m(xi) e2enl¥) V2 ln)
Gs = A Garar(xi) (66)_1exp(—%a2x2) Azplxy) C2i+1(x;)
' FTLes) exp(—3a’x])  Spam(x;)
(A4.9)
where § is arbitrary and
¢ =J ©2m (1) exp(—3a’t?) dr. (A4.10)
Thus
Sn(xi, x;) +€n (x5 x;) D (xi %))+ 8202m (X)) @2m (x,-)]
- 2 A4.11
G [IN(-xi, x;)+(c8) 7 exp[—3a’(x} +x])] S (xj, x;) + En (x5 X7) ( )

with &n, Sn, In and Dy given by equations (2.15), (2.17), (2.22) and (2.19). The rank
of G5 is N. The determinant of the 2N X 2N matrix

Sn{xi, x;) +én(xi, x;)  Dn(xy, x5) +62¢2m(xi)¢2m(xj)}

[CD,s(Xi, x].)]:[ JN(xia X]') SN(X,', x,')+§N(xj, xi)

(A4.12)
is not changed if we subtract from its last N rows the corresponding rows of G;; the
resulting determinant factorises,
det[‘Ds (xi, Xj)]
= det[Dn (xi X;) + 8 @2m (x:)p2m (x) N~ 1)V det{g (x; x,)

—(c8)? exp[—3a’(x? +x1)]+p (xi, x;) = (x;, x,)}. (A4.13)
The first factor is
8 {detfe1(x:), ¥1(x:); @3(x), Ya(Xis - .+ 5 @amo1(X1), Wamo1(x1); @2m (x1) I

We can replace the last but one column by a linear combination of the last two
columns. Choosing this combination properly, equation (A1.4), ¢2,,-; can be replaced
by ¢2m-2. Then the column ¢,,,_5 can be replaced by the column ¢,,,_4, and so on.
Thus the column ¢, is replaced by @z for k=0, 1,...,m -1, the determinant
being multiplied by a constant. Thus the first factor in (A4.13) is proportional to

5*{detlpy-1()ij-12...m o} 5% exp( -T x%)[A(x)]z. (Ad.14)
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The second factor in equation (A4.13) is proportional to

exp(—a2 ¥ x?) det] f(x; —x,)— k8 "+ k'(h (x))— h (x,))] (A4.15)
where

hix)= J: exp(za’t?)e (x — )@am(t) dt (A4.16)

and k and k' are certain constants. But

det{f(x;—x;)—ké > +k'(h(x;)— h(x))]

[fxi—x,)—k8 2+ k'(h(x)—h(x;)) O k& *—k'h(x;)
= det k82 +k'h(x;) 1 —k§ ™2 (A4.17)
0 0 1

—f(xi_xj) ~k'h(x;) 1
=det| k'h(x,) -k&6° 1
-1 -1 0

1 f(xi_xi) —k'h(x;) 1

O] +det} k'h(x;) 0 1. (A4.18)
-1 -1 0

The second determinant, being that of an anti-symmetric matrix of odd order N +2,

is zero.
Thus the second factor of equation (A4.13) is proportional to

o )

From eqations (A4.13)-(A4.14) and (A4.19) on taking the limit § » 0, we get for N
odd,

flxi—x;)

=—k§? det[

8% exp(—a’ Y x?) det[ (A4.19)

2
det[d(x;, x;)]< [exp(—%(l +a?) ¥ x%)A(x)} det[FJoc[p(xy,. ..., xn)] (A4.20)

in view of equation (2.7). The value (A4.10) of the constant ¢ is not required for this
appendix; it will be needed in appendix 5.
Thus whether N is even or odd, the determinant of the 2N X 2N matrix [®(x;, x;)]

is proportional to {p(xy,.. %) 3 equation (A4.7) or (A4.20). Therefore, from
theorem 4.2

Tdet[d(x;, x,)]Cp(x1, . . ., Xn). (A4.21)

The constant of proportionality is fixed by the normalisation, theorem 4.1 applied N
times and the fact that

J $x,x)dx = j [Snix, x)+én(x, x}]dx =N. (A4.22)
Arguments similar to the even-N case given above show that

det[®(x;, x;) 1< [plx1, ..., x2n)] (A4.23)
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which is equation (4.9) except for the constant. This constant is again determined by
normalisation, theroem 4.1, and the fact that

= <) [ =)

J D(x, x)dx =J S~ (x, x)dx =2N. (A4.24)

Appendix 5. Verification of equation (4.8)

We will verify the equation
J Ox, y)P(y, z)dy = S(x, z)} +7D(x, z) —~D(x, )7, (4.8)

where @ is defined by equation (2.14) and

1

~=[2 4] (AS.1)

-2
We will also verify the same equation when & is replaced by ®, equation (2.52), and
T by —7. ’
Writing for brevity F'(x, y) = F(y, x) and

e

F*GEJ F(x,y)G(y, z) dy, (A5.2)

equation(4.8) above is

¢*®E[SN+§N Dy }*[SN+§N Dy ]=[SN+§N 2Dx ]

. . AS53
I sireld*l o sired 0 Sh+en) A

where Sn, én, Dy and Jy are defined by (2.17), (2.15), (2.19) and (2.20). This amounts
to verifying that

(Sn +&n) * (SN +En) = SN + €N, Dy *Jn=0=Jn * (Sn +én),

(Sy +én)* Dy =Dy, (AS5.4)
and, as a consequence,
(Sn+€n) * (Sn +€n) = (Sn +&n)', Jn #*Dn=0=(Sn+&n) *Jn

Dy * (Sn +én)" =Dn. (A5.5)

For the verification of (A5.4) we will repeatedly use results of orthonormality and
convolution integrals of appendix 1, §§ A1.3 and Al1.4. Thus from the expressions
(2.17), (2.19) and (2.22) and the equations of appendix A1.3, we have

Sn * Sy = Sx, Sx * Dy =Dy,
Dn # In =Sn, In % Sn =1y, (A5.6)

while from appendix A1.4 we have

g *Sn =1y, Dy g =-8n. (AS5.7)
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For N odd we also need

En * En = €N, N *EN = N (AS.8)

g*En =N, (A5.9)
and

Sn * &Ny én * S, én * Dn, KN * €N,

(N = N) * Sh, Dy * (un = ). (A5.10)

Those in (AS.8) are easily verified, and (AS5.9) is a consequence of (Al.15). For
(AS5.10) we need to know

X a O

J. @2j+1(y)p2m(y) dy, l//2j+1()’)A2m()’) dy,

J @2i+1(y) exp(—3a’y?) dy, Am(V)ezm(y)dy,  (AS.11)
and

J A2i‘*1(y)¢2m()})dy’ J (PZ]'+l(y)A2m(y)dy, (A5.12)

J exp(—3a’y*Ja;1(y) dy. (AS.13)
Integrals (AS5.11) are zero by parity. For (A5.12) we note that A,;,, is a linear
combination of ¢,; and A,;_;, equation (A1.5), and hence of ¢3j, ¢2;-2, ..., @2, @o.
Similarly ¢,;+1 is a linear combination of Yy, t2;-2, . .., 2, Yo by equation (A1.4),

Thus A,;,, is orthogonal to ¢,,, and ¢,;.; is orthogonal to A,,, for j <m (see
appendix A1.3). The integrand in (AS5.13) is a perfect derivative, equation (2.27), of
a quantity vanishing at both ends.

Therefore all the integrals in (AS5.11)-(A5.13) are zero and so are (A5.10).

Thus we have verified equation (4.8) in all the cases for ®(x, y) given by equation
(2.14).

The verification of (4.8) with @ replaced by ®, equation (2.52), and 7 replaced
by —7 is similar. From the expressions (2.53), (2.55), (2.58) and (2.60) together with
(Al1.1), (A1.21)-(A1.24) we have

Sn *8Sv=8n Sx * Dy =D, In Sy =1y,
sN*g=_DN9 DN*IN=SN9 g*IstNa
or
Sv Ky Sy K; Sy 0
el S B oo
= sul e sulTlon, s TOrOToT®

with 7 given by (AS.1).
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